The death of bi-continuity

Karsten Kruse & Christian Seifert
arXiv: 2604.13607

UNIVERSITY OF TWENTE.

Seminar Institut fiir Mathematik, TUHH
April 29, 2026


https://arxiv.org/abs/2604.13607

Motivation

Observation
The semigroups (S(t))¢>0 given by
>
S@)f(z) = flx+t), z€R, feCyR),t>0,

S)f(2) = f(e'z), z€D, feH*D),t>0,
> S(0)f = f and

—Iy x|
SWf(@) = G d/z/ fly d% z€R?, feCy(RY), t>0,

are not strongly continuous w.r.t. || - ||oo-
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Motivation

Observation
The semigroups (S(t))¢>0 given by
>
S@)f(z) = flx+t), z€R, feCyR),t>0,

St f(z) = f(e''z), ze€D, feH®D),t=>0,
» S(0)f:= f and

—ly—=|?

SOF() = o [ ST Ty, xR fECURT, >0,
R

and the cosine family (S(t)):>0 given by
>
SOf(@) = 5(flx+t)+ flw—1), weR, feCy(R), t>0,

are not strongly continuous w.r.t. || - ||co-

However, they are strongly continuous w.r.t. the compact-open topology 7.
They belong to the class of locally bi-continuous semigroups/cosine families.



Saks space & Bi-continuity

Definition (Wiweger 1961, Cooper 1978)

The triple (X, ]| - ||, 7) is called a Saks space if
> (X, |- ) is normed, 7 a coarser Hausdorff |.c. topology on X, and

> there is a system of seminorms I';- inducing 7 such that

|z = sup p(z), =€ X.
pel~
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The triple (X, ]| - ||, 7) is called a Saks space if
> (X, |- ) is normed, 7 a coarser Hausdorff |.c. topology on X, and

> there is a system of seminorms I';- inducing 7 such that

|z]| = sup p(z), =€ X.
pels

Definition (Kihnemund '01, Duan & Sun '06, Budde '24)

Let (X, || -||,7) be a Saks space. A semigroup or cosine family (S(t)):>0 in £(X)
is called locally bi-continuous if it is

1. 7-strongly continuous,
2. exponentially bounded, i.e. 3M > 1, w e RVt >0: ||S(t)|z(x) < Me“?,
3. locally bi-equicontinuous, i.e.
Vig=20,p €l (Tn)nen C X, zp — 0 w.rt. 7, sug lzn|l < oo
ne

sup p(S(t)xn) — 0.
t€[0,to]



Strong continuity and (sequential) equicontinuity
Let

» X be a locally convex Hausdorff space, and

» T' a system of seminorms inducing its topology.

Definition

A family (S(¢))¢>o of linear maps from X to X is called
> semigroup if S(0) =id & S(t)S(s) = S(t+s) for all £,5 > 0,
> cosine family if S(0) =id & 25(¢)S(s) = S(t+s)+S(t—s) forallt > s >0,
> strongly continuous if [0,00) 3 t — S(t)z € X is continuous for all z € X,



Strong continuity and (sequential) equicontinuity

Let
| 2
>

X be a locally convex Hausdorff space, and
I" a system of seminorms inducing its topology.

Definition
A family (S(¢))¢>o of linear maps from X to X is called

>

>
>
>

semigroup if S(0) =id & S(¢)S(s) = S(t + s) for all ¢t,s > 0,

cosine family if S(0) =id & 25(t)S(s) = S(t+s)+S(t—s) forall t > s > 0,

strongly continuous if [0,00) 3 t — S(t)x € X is continuous for all z € X,

locally equicontinuous if

Vip=20,pelIqgel,C>20VaeX: sup p(St)z) < Cq(x),

te[0,to]

exponentially equicontinuous if

JacRVYpeTlIgel,C>0Varec X: supple”“S(t)z) < Cq(x),

0

sequentially locally equicontinuous if

Vig 20, peT, (@n)nen C X, zp, = 0: sup p(S(t)x,) — 0.
t€0,to]



Mixed topology

Back to the definition of local bi-equicontinuity:
3.

Vitg=20,p el (zn)nen C X, 2, = 0 w.rt. 7, sup||z,| < oo
neN

sup p(S(t)z,) — 0.
tE[O,to]
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Mixed topology

Observation (Wiweger 1961):
» There is a |.c. Hausdorff topology v := (|| - ||, 7) such that:

v- lim 2z, =2 <& 7 lim z, =2 and sup|z,| < o

» ~ is called the mixed topology.
> -~ is the finest linear topology s.t. v = 7 on || - ||-bounded sets.
> ~ has the same bounded sets as || - ||.

» cumbersome: (X,7) is neither bornological nor barrelled if 7 # 7.

Example (Buck 1958, Cooper 1971)
> Let X := Cp(R?) with || - || == || - ||c and T = Teo.

» Then 7 is generated by the seminorms

[l = sup [f(@)v(x)l, feX, veCoRT).

(&



Bi-continuity & Mixed topology

Corollary
Let (X, |- ||,7) be a Saks space and (S(t));>0 a semigroup or cosine family on X.
Then the following assertions are equivalent.

1. (S(t))e=0 is locally bi-continuous.

2. (S(t))t>0 is y-strongly continuous and sequentially locally y-equicontinuous.
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Bi-continuity & Mixed topology

Theorem (Kraaij '16)

Let (X, |- ||,7) be a Saks space and (S(t));>0 a semigroup on X.
If (X,~) is C-sequential, then the following assertions are equivalent.
1. (S(¢))t>0 is locally bi-continuous.

2. (S(%))t>0 is y-strongly continuous and locally ~-equicontinuous.

Definition (Snipes 1973)
Let X be a locally convex Hausdorff space.

» U C X sequentially open
S [(@n)nenC X, 2y > 2z€U = AINENVRZ2N: ¢, €U|
» X is called C-sequential space if each convex sequentially open subset is open.
Proposition (K, Meichsner, Seifert '21)

Let (X, || -||,7) be a Saks space. Then:
7 metrisable on || - ||-unit ball = (X, ~) C-sequential



Theorem (K, Seifert '26)

Let (X, |- ||,7) be a Saks space and (S(t));>0 a semigroup or cosine family on X.
Consider the following assertions.

(a) (S(t))i>o is locally bi-continuous.

(b) (S(t))e=0 is y-strongly continuous and locally y-equicontinuous.

(c) (S(t))t>0 is y-strongly continuous and exponentially y-equicontinuous.
(d) (S(t))

S(t))e0 is y-strongly continuous and in £(X, 7).
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2. If N, is countably quasi-convex, then (b)<(c). In particular, this holds if
(X, ]| -|) is a Banach and (X,~) a Mackey space.

3. If (X, ) is a strong Mackey space, then (b)<(c)<(d).
4. If (X,) is a strong Mackey—Mazur space, then (a)<(b)<(c)<(d).
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(d) (S(t))e=0 is y-strongly continuous and in L(X,~).

Then we have the following.
1. If (X,~) is C-sequential, then (a)<(b)<(c).

2. If N, is countably quasi-convex, then (b)<(c). In particular, this holds if
(X, ]| -|) is a Banach and (X,~) a Mackey space.

3. If (X, ) is a strong Mackey space, then (b)<(c)<(d).
4. If (X,) is a strong Mackey—Mazur space, then (a)<(b)<(c)<(d).

Here:
N, ={p: X — R | p~y-cont. seminorm, p < || - ||} is countably quasi-convex if

oo
v (pn)nEN C N'yv (an>n€N - [0,00), Zan =13 qc Nv : Suganpn <q.
ne

n=1



Sketch of the proof

Claim: If NV is countably quasi-convex, the following assertions are equivalent.
(b) (S(t))i=0 is y-strongly continuous and locally y-equicontinuous.

(c) (S(t))t>0 is y-strongly continuous and exponentially y-equicontinuous.
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[eS)
n=1
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Sketch of the proof

Claim: If NV is countably quasi-convex, the following assertions are equivalent.
(b) (S(t))i=0 is y-strongly continuous and locally y-equicontinuous.

(c) (S(t))t>0 is y-strongly continuous and exponentially y-equicontinuous.
Proof:

> (S(t))i>0 locally y-equicontinuous =

JweR,M>0VpeN, I (¢gu)nen CNy Ve X, neN:
sup p(e™“*S(t)z) < Mgy (z)
te[0,n]

» For a > w there is a (ap)nen C [0,00), > o7 an, = 1, such that

_ M
sup p(e ' S(t)z) < T ow=a SUP angn(z), =€ X.
t>0 neN

» Use that N, is countably quasi-convex.



